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c

Y(x) =
1
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• complex-matrix : ρ(x) =
−1
cπ

χ𝒟 ∂𝒟 E(z, z̄) = 0of equation

W(z) = V′ (z) − cz̄Resolvent:
Schwartz function z̄ = Y(z)



Asymptotic expansion



Asymptotic expansion
Large N



Asymptotic expansion
Large N

• In all cases



Asymptotic expansion
Large N

• In all cases W(x) = V′ (x) − Y(x) = W0,1(x)



Asymptotic expansion
Large N

• In all cases W(x) = V′ (x) − Y(x) = W0,1(x) E(x, Y(x)) = 0



Asymptotic expansion
Large N

• In all cases W(x) = V′ (x) − Y(x) = W0,1(x)

Resolvent:

E(x, Y(x)) = 0

1
N

𝔼 (Tr
1

x − Λ )



Asymptotic expansion
Large N

• In all cases W(x) = V′ (x) − Y(x) = W0,1(x)

Resolvent:

E(x, Y(x)) = 0

1
N

𝔼 (Tr
1

x − Λ ) ∼ W(x)



Asymptotic expansion
Large N

• In all cases W(x) = V′ (x) − Y(x) = W0,1(x)

Resolvent:

E(x, Y(x)) = 0

1
N

𝔼 (Tr
1

x − Λ ) ∼ W(x) +
1

N2
W1,1(x)



Asymptotic expansion
Large N

• In all cases W(x) = V′ (x) − Y(x) = W0,1(x)

Resolvent:

E(x, Y(x)) = 0

1
N

𝔼 (Tr
1

x − Λ ) ∼ W(x) +
1

N2
W1,1(x) +

1
N4

W2,1(x)



Asymptotic expansion
Large N

• In all cases W(x) = V′ (x) − Y(x) = W0,1(x)

Resolvent:

E(x, Y(x)) = 0

1
N

𝔼 (Tr
1

x − Λ ) ∼ W(x) +
1

N2
W1,1(x) +

1
N4

W2,1(x) +… + ∑
g

1
N2g

Wg,1(x)



Assume series expansion

Asymptotic expansion
Large N

• In all cases W(x) = V′ (x) − Y(x) = W0,1(x)

Resolvent:

E(x, Y(x)) = 0

1
N

𝔼 (Tr
1

x − Λ ) ∼ W(x) +
1

N2
W1,1(x) +

1
N4

W2,1(x) +… + ∑
g

1
N2g

Wg,1(x)

(often exists)



Assume series expansion

Asymptotic expansion
Large N

• In all cases W(x) = V′ (x) − Y(x) = W0,1(x)

Resolvent:

E(x, Y(x)) = 0

1
N

𝔼 (Tr
1

x − Λ ) ∼ W(x) +
1

N2
W1,1(x) +

1
N4

W2,1(x) +… + ∑
g

1
N2g

Wg,1(x)

Schwinger Dyson equations

(often exists)

Then:



Assume series expansion

Asymptotic expansion
Large N

• In all cases W(x) = V′ (x) − Y(x) = W0,1(x)

Resolvent:

E(x, Y(x)) = 0

1
N

𝔼 (Tr
1

x − Λ ) ∼ W(x) +
1

N2
W1,1(x) +

1
N4

W2,1(x) +… + ∑
g

1
N2g

Wg,1(x)

Schwinger Dyson equations

(often exists)

Then:

⟹ recursion relation for 



Assume series expansion

Asymptotic expansion
Large N

• In all cases W(x) = V′ (x) − Y(x) = W0,1(x)

Resolvent:

E(x, Y(x)) = 0

1
N

𝔼 (Tr
1

x − Λ ) ∼ W(x) +
1

N2
W1,1(x) +

1
N4

W2,1(x) +… + ∑
g

1
N2g

Wg,1(x)

Schwinger Dyson equations

(often exists)

Then:

⟹ recursion relation for Wg,n



Assume series expansion

Asymptotic expansion
Large N

• In all cases W(x) = V′ (x) − Y(x) = W0,1(x)

Resolvent:

E(x, Y(x)) = 0

1
N

𝔼 (Tr
1

x − Λ ) ∼ W(x) +
1

N2
W1,1(x) +

1
N4

W2,1(x) +… + ∑
g

1
N2g

Wg,1(x)

Schwinger Dyson equations

(often exists)

Then:

⟹ recursion relation for Wg,n = Topological Recursion



Assume series expansion

Asymptotic expansion
Large N

• In all cases W(x) = V′ (x) − Y(x) = W0,1(x)

Resolvent:

E(x, Y(x)) = 0

1
N

𝔼 (Tr
1

x − Λ ) ∼ W(x) +
1

N2
W1,1(x) +

1
N4

W2,1(x) +… + ∑
g

1
N2g

Wg,1(x)

Schwinger Dyson equations

(often exists)

Then:

⟹ recursion relation for Wg,n = Topological Recursion

Topological Recursion = algebro-geometric recursion formula



Assume series expansion

Asymptotic expansion
Large N

• In all cases W(x) = V′ (x) − Y(x) = W0,1(x)

Resolvent:

E(x, Y(x)) = 0

1
N

𝔼 (Tr
1

x − Λ ) ∼ W(x) +
1

N2
W1,1(x) +

1
N4

W2,1(x) +… + ∑
g

1
N2g

Wg,1(x)

Schwinger Dyson equations

(often exists)

Then:

⟹ recursion relation for Wg,n = Topological Recursion

Topological Recursion = algebro-geometric recursion formula

Knowing W0,1 determines all the Wg,n



Assume series expansion

Asymptotic expansion
Large N

• In all cases W(x) = V′ (x) − Y(x) = W0,1(x)

Resolvent:

E(x, Y(x)) = 0

1
N

𝔼 (Tr
1

x − Λ ) ∼ W(x) +
1

N2
W1,1(x) +

1
N4

W2,1(x) +… + ∑
g

1
N2g

Wg,1(x)

Schwinger Dyson equations

(often exists)

Then:

⟹ recursion relation for Wg,n = Topological Recursion

Topological Recursion = algebro-geometric recursion formula

Knowing W0,1 determines all the Wg,n



Conclusion



Conclusion



Conclusion



Conclusion
• Limit shape or density



Conclusion
• Limit shape or density minimize energy



Conclusion
• Limit shape or density unique solution of Euler Lagrangeminimize energy



Conclusion
• Limit shape or density

algebraic
unique solution of Euler Lagrangeminimize energy



Conclusion
• Limit shape or density

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))



Conclusion
• Limit shape or density

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))

• Complex case = special case of 2-matrix model 



Conclusion
• Limit shape or density

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))

• Complex case = special case of 2-matrix model 
Constant density in a domain bounded by the curve 



Conclusion
• Limit shape or density

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))

• Complex case = special case of 2-matrix model 
E(z, z̄) = 0Constant density in a domain bounded by the curve 



Conclusion
• Limit shape or density

• Asymptotic expansion

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))

• Complex case = special case of 2-matrix model 
E(z, z̄) = 0Constant density in a domain bounded by the curve 



Conclusion
• Limit shape or density

1
N

𝔼 (Tr
1

x − Λ )• Asymptotic expansion

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))

• Complex case = special case of 2-matrix model 
E(z, z̄) = 0Constant density in a domain bounded by the curve 



Conclusion
• Limit shape or density

1
N

𝔼 (Tr
1

x − Λ )• Asymptotic expansion

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))

• Complex case = special case of 2-matrix model 
E(z, z̄) = 0Constant density in a domain bounded by the curve 

∼ W(x)



Conclusion
• Limit shape or density

1
N

𝔼 (Tr
1

x − Λ )• Asymptotic expansion

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))

• Complex case = special case of 2-matrix model 
E(z, z̄) = 0Constant density in a domain bounded by the curve 

∼ W(x)+
1

N2
W1,1(x)



Conclusion
• Limit shape or density

1
N

𝔼 (Tr
1

x − Λ )• Asymptotic expansion

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))

• Complex case = special case of 2-matrix model 
E(z, z̄) = 0Constant density in a domain bounded by the curve 

∼ W(x)+
1

N2
W1,1(x) +… + ∑

g

1
N2g

Wg,1(x)



Conclusion
• Limit shape or density

1
N

𝔼 (Tr
1

x − Λ )
Topological Recursion

Knowing W0,1 determines all the Wg,n

• Asymptotic expansion

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))

• Complex case = special case of 2-matrix model 
E(z, z̄) = 0Constant density in a domain bounded by the curve 

∼ W(x)+
1

N2
W1,1(x) +… + ∑

g

1
N2g

Wg,1(x)



Conclusion
• Limit shape or density

1
N

𝔼 (Tr
1

x − Λ )
Topological Recursion

Knowing W0,1 determines all the Wg,n

• Asymptotic expansion

• Other properties

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))

• Complex case = special case of 2-matrix model 
E(z, z̄) = 0Constant density in a domain bounded by the curve 

∼ W(x)+
1

N2
W1,1(x) +… + ∑

g

1
N2g

Wg,1(x)



Conclusion
• Limit shape or density

1
N

𝔼 (Tr
1

x − Λ )
Topological Recursion

Knowing W0,1 determines all the Wg,n

• Asymptotic expansion

• Other properties KdV, integrability

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))

• Complex case = special case of 2-matrix model 
E(z, z̄) = 0Constant density in a domain bounded by the curve 

∼ W(x)+
1

N2
W1,1(x) +… + ∑

g

1
N2g

Wg,1(x)



Conclusion
• Limit shape or density

1
N

𝔼 (Tr
1

x − Λ )
Topological Recursion

Knowing W0,1 determines all the Wg,n

• Asymptotic expansion

• Other properties KdV, integrability Virasoro, W-algebra

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))

• Complex case = special case of 2-matrix model 
E(z, z̄) = 0Constant density in a domain bounded by the curve 

∼ W(x)+
1

N2
W1,1(x) +… + ∑

g

1
N2g

Wg,1(x)



Conclusion
• Limit shape or density

1
N

𝔼 (Tr
1

x − Λ )
Topological Recursion

Knowing W0,1 determines all the Wg,n

• Asymptotic expansion

• Other properties KdV, integrability Virasoro, W-algebra Modular forms

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))

• Complex case = special case of 2-matrix model 
E(z, z̄) = 0Constant density in a domain bounded by the curve 

∼ W(x)+
1

N2
W1,1(x) +… + ∑

g

1
N2g

Wg,1(x)



Conclusion
• Limit shape or density

1
N

𝔼 (Tr
1

x − Λ )
Topological Recursion

Knowing W0,1 determines all the Wg,n

• Asymptotic expansion

• Other properties KdV, integrability Virasoro, W-algebra Modular forms …etc

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))

• Complex case = special case of 2-matrix model 
E(z, z̄) = 0Constant density in a domain bounded by the curve 

∼ W(x)+
1

N2
W1,1(x) +… + ∑

g

1
N2g

Wg,1(x)



Conclusion
• Limit shape or density

1
N

𝔼 (Tr
1

x − Λ )
Topological Recursion

Knowing W0,1 determines all the Wg,n

• Asymptotic expansion

• Other properties KdV, integrability Virasoro, W-algebra Modular forms …etc

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))

• Complex case = special case of 2-matrix model 
E(z, z̄) = 0Constant density in a domain bounded by the curve 

∼ W(x)+
1

N2
W1,1(x) +… + ∑

g

1
N2g

Wg,1(x)

Thank you for your attention



Conclusion
• Limit shape or density

1
N

𝔼 (Tr
1

x − Λ )
Topological Recursion

Knowing W0,1 determines all the Wg,n

• Asymptotic expansion

• Other properties KdV, integrability Virasoro, W-algebra Modular forms …etc

algebraic
unique solution of Euler Lagrangeminimize energy

W(x) = V′ (x) − Y(x) = W0,1(x)E(x, Y(x)) = 0 ρ(x) =
1

2πi
Discontinuity(Y(x))

• Complex case = special case of 2-matrix model 
E(z, z̄) = 0Constant density in a domain bounded by the curve 

∼ W(x)+
1

N2
W1,1(x) +… + ∑

g

1
N2g

Wg,1(x)

Thank you for your attention


