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Coulomb gas of n particles

Particles at x1, . . . , xn ∈ C with charge qn > 0 confined by V ,

Hn(x1, . . . , xn) = −qn2
n∑
i<j

log |xi − xj |+ qn

n∑
i=1

V (xi ).

Definition (Coulomb gas of n particles)

(X1, . . . ,Xn) ∼ 1

Zn
exp(−βnHn)d`Cn .

Determinantal setting βnqn
2 = 2,

exp(−βnHn(x1, . . . , xn)) =
n∏
i<j

|xi − xj |2
n∏

i=1

exp

(
− 2

qn
V (xi )

)
.
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Ginibre ensemble example

V (x) = |x |2
2 and qn = 1

n .

∆V = 2π

(
`C
π

)
=⇒ V created by −`C

π
.

qn

n∑
k=1

δXk
−→ `D

π
.

−`D
c

π
survives =⇒ Dc empty!
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A weakly confining example

V (x) = |x |2
2 1D(x) + (log |x |+ 1

2 )1Dc (x) and qn = 1
n+1 .

∆V = 2π

(
`D
π

)
=⇒ V created by −`D

π
.

qn

n∑
k=1

δXk
−→ `D

π
.

No confining charge survives.
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Confining background

Probability measure µ on C. Confining potential:

V µ(x) =

∫
C

log |x − y |dµ(y) so that ∆V µ = 2πµ.

Our Coulomb gas:

(X1, . . . ,Xn) ∼ 1

Zn

n∏
i<j

|xi − xj |2
n∏

i=1

exp

(
− 2

qn
V µ(xi )

)
.

Well-defined (i .e.,Zn <∞) ⇐⇒ nqn < 1.
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If nqn −→ 1 then

qn

n∑
i=1

δXi
−→ µ.

The background charge gets canceled!

Question:

If there is no charge in A, i.e., if µ(A) = 0, what can be said about

the limit behavior of #A ?
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Determinantal setting

Vandermonde determinant:

n∏
i<j

(zi − zi ) = det
(
(z j−1

i )1≤i ,j≤n
)
.

(z j−1)1≤j≤n  (ϕj)1≤j≤n basis of polynomials of degree ≤ n − 1.

n∏
i<j

(zi − zi ) ∝ det
(
(ϕj(zi ))1≤i ,j≤n

)
.

=⇒
n∏
i<j

|xi − xj |2
n∏

i=1

e−
2
qn

Vµ(xi ) ∝ det (K (xi , xj)i ,j≤n)

where K : C× C→ C is given by

K (z ,w) =
n∑

i=1

ϕi (z)ϕi (w)e−
1
qn

Vµ(z)e−
1
qn

Vµ(w)
.
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Choose (ϕj)1≤j≤n such that∫
C
ϕi (z)ϕj(z)e−

2
qn

Vµ(z)
d`C(z) = δij .

Then, K is the kernel of the orthogonal projection onto C≤n−1[z ].

(X1, . . . ,Xn) ∼ 1

n!
det
(
K (xi , xj)i ,j≤n

)
d`C(x1, . . . , xn)

and, for A1, . . . ,Ak ⊂ C pairwise disjoint,

E[#A1 · · ·#Ak ] =

∫
A1×···×Ak

det (K (xi , xj)i ,j≤k)d`Ck (x1, . . . , xk).

(correlation function) ρk(x1, . . . , xk) = det (K (xi , xj)i ,j≤k) .
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We shall suppose that qn ∈
[

1
n+1 ,

1
n

)
. Then,

C≤n−1[z ] = L2(C, e−
2
qn

Vµ
d`C) ∩ Holomorphic functions.

So, K can be thought of as the kernel of the orthogonal projection

L2(C, e−
2
qn

Vµ
d`C)� L2(C, e−

2
qn

Vµ
d`C) ∩ Holomorphic func.
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Outliers

Let A be a bounded connected component of C \ suppµ.
Suppose that it has ` holes.

Let ρ
(n)
k be the correlation function of {X1, . . . ,Xn}.

Under some regularity conditions on µ:

Theorem (Butez, G-Z, Nishry & Wennman, 2021)

If ` = 0, then ρ
(n)
k |Ak converges to a limit that only depends on A.

If ` > 0, the possible limits of ρ
(n)
k |Ak are indexed by T` = (S1)`.
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Ideas

1 For Ω ⊂ C open and V : Ω→ R, let K : Ω× Ω→ C,

K : L2(Ω, e−2Vd`Ω)� L2(Ω, e−2Vd`Ω) ∩ Holomorphic func.

and consider ρk(x1, . . . , xk) = det (K (xi , xj)i ,j≤k) .

2 These ρk do not change if we change e−2V 7→ |f |2e−2V for
f : Ω→ C∗ holomorphic (and nowhere zero).

3 As n→∞, {X1, . . . ,Xn} ∩ A behaves as having a kernel

L2(A, e−
2
qn

Vµ
d`A)� L2(A, e−

2
qn

Vµ
d`A) ∩ Holomorphic func.

4 ∆V µ|A = 0 ⇒ enough to classify the kernels for V harmonic.

5 Indexed by T` = (S1)`, up to the equivalence above.
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Remarks

Fermions
Det. Coulomb gas ' 2D fermion gas under B = ∆V .
 The behavior may depend on the potential even if there is no
magnetic field (already known by Aharonov-Bohm)

Line bundles
Last step ≡ classifying the flat Hermitian line bundles on A.

e−2V would be the metric,

∆V = 0 the curvature and

|f |2e−2V a transformation of the metric.

12/15



Remarks

Fermions
Det. Coulomb gas ' 2D fermion gas under B = ∆V .
 The behavior may depend on the potential even if there is no
magnetic field (already known by Aharonov-Bohm)

Line bundles
Last step ≡ classifying the flat Hermitian line bundles on A.

e−2V would be the metric,

∆V = 0 the curvature and

|f |2e−2V a transformation of the metric.

12/15



More precise description

Let H1, . . . ,H` be the holes of A and choose zj ∈ Hj .

Suppose

(e2πiµ(H1)/qn , . . . , e2πiµ(H`)/qn) −−−→
n→∞

(e2πiQ1 , . . . , e2πiQ`)

for some Q1, . . . ,Q` ∈ [0, 1), define V : A→ R

V (z) =
∑̀
j=1

Qj log |z − zj |

and let ρk be the correlation functions associated to

L2(A, e−2Vd`A)� L2(A, e−2Vd`A) ∩ Holomorphic func.

Under some regularity conditions on µ, we can prove the following.

Theorem (Butez, G-Z, Nishry & Wennman, 2021)

For every k ≥ 1,
ρ

(n)
k |Ak −→ ρk .
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Final remarks

Coulomb gases in R where the interaction is −|x − y |. Joint
work with Chafäı and Jung (2022): Family indexed by S1.

Determinantal log-gases in R. Open question.

In Rd with d ≥ 3 the exact analogue with µ a probability
measure does not make sense (µ has to have infinite charge).
In compact manifolds, the exact analogue does make sense.
Open question.
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