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One dimensional (neutral) plasma
�  +ve charges �  (with positions � ) 


 �  -ve charges �  (with positions � )
N +q x′�is
N −q y′�is

on �[−L, L]                

                Energy of a configuration γ ∝ q2with

Treat the negative particles as a uniform background with a 
density �  over �  ρ0 = N/(2L) [−L, L]
                

effective harmonic potential

1d Coulomb interaction

Chafaï, Garcia-Zelada, Jung (2021)
Different types of backgrounds have recently been considered in                
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One dimensional jellium model on the line �L → ∞
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One-dimensional jellium

 One-dimensional jellium model (1d-one component plasma)

1d Coulomb interaction
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One-dimensional jellium: average density

E(x1, · · · , xN ) =
N2

2

NX

i=1

x2
i � ↵N

X

i 6=j

|xi � xj |�

 Average density: 

 Order the positions: x(1) < x(2) < · · · < x(N)

�E({xi}) =
N2

2

NX

i=1

x2
i � 2↵N

X

i>j

(x(i) � x(j))

=
N2

2

NX

i=1

x2
(i) � 2↵N

NX

i=1

(2i�N � 1)x(i)

=
N2

2

NX

i=1

✓
x(i) �

2↵

N
(2i�N � 1)

◆2

+ CN (↵)

Lenart ’61, Baxter ’63



One-dimensional Coulomb gas: average density
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One-dimensional Coulomb gas: average density
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 Quite generic for d-dimensional Coulomb gas + harmonic potential 
(see e.g. the Ginibre ensemble in d=2)



One-dimensional Coulomb gas
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What about local fluctuations? 
 Fluctuations of the position of the rightmost particle  
 Distribution of the gap between two particles  
 Full counting statistics

This talk



Local fluctuations at the edge of the 

one-dimensional Coulomb gas

 A. Dhar, A. Kundu, S. N. Majumdar, S. Sabhapandit, G. S.,  Phys. 
Rev. Lett. 119, 060601 (2017)

 A. Dhar, A. Kundu, S. N. Majumdar, S. Sabhapandit, G. S.,  J. 
Phys. A: Math. Theor. 51 295001 (2018) 



Motivations and background: edge universality for 
Gaussian beta-ensembles of RMT

  Dyson ’s log-gas at temperature �   (Gaussian � -ensemble)β β
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Tracy-Widom distributions for 

 For            explicit expression in terms of a Painlevé transcendent

Tracy & Widom ’94, ’96
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Motivations and background: edge universality for 
beta-ensembles of RMT

  Dyson ’s log-gas at temperature  �

 Edge properties are universal for a wide class of confining 
potentials        such that the density has a finite support and 
vanishes as a square-root at the edge (« regular » potential)  
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Bourgade, Erdös, Yau ‘14
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Q: what happens if the interactions are changed ?



Back to the one-dimensional jellium

 One-dimensional jellium model (1d-one component plasma)

1d Coulomb interaction
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1d Coulomb gas: fluctuations at the edge

x
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 The typical scale of fluctuations of        can be obtained via 



1d Coulomb gas: typical fluctuations of

 Limiting form for large    , with                    

where

with boundary

conditions: and

"eigenvalue"A. Dhar et al. (2017), (2018)
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1d Coulomb gas: typical fluctuations of

 Limiting form for large    , with                    

where

eigenvalue

QN (w) = P(xmax < w)
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exp[�|x|3/(24↵) +O(x2)] , x ! �1
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A. Dhar et al. (2017), (2018)



F0
αðxÞ ≈

!
exp½−jxj3 =24 αþ O ðx2Þ% as x → −∞
exp½−x2=2þ OðxÞ% as x → ∞:

ð8Þ

We note that the leading x → −∞ behavior of F0
αðxÞ is

identical to that of the TW distributionF 0
β¼1 =αðxÞ, while the

right tail of F0
αðxÞ decays faster than the TW right tail [47].

This is indeed our main result. In addition, we also compute
exactly the large deviation rate functions. For the left tail
we find

Φ−ðwÞ ¼

( ð2α−wÞ3
24 α ; −2α ≤ w ≤ 2α

w2

2 þ 2
3 α

2; w ≤ −2α:
ð9Þ

For the right tail, we find

ΦþðwÞ ¼
ðw − 2αÞ2

2
; w > 2α: ð10Þ

It is easy to check, using the asymptotic behavior of F0
αðxÞ

for large jxj in Eq. (8), that the central part of the
distribution of xmax matches smoothly with the two large
deviation regimes flanking this central part. Indeed, as
discussed later, the vanishing of Φ−ðwÞ when w → 2α as a
cubic power is responsible for a third-order phase transition
at the critical point w ¼ 2α, in very much the same way as
in the log gas [30].
We start from the joint PDF of fxig’s in Eq. (4). We note

that Q ðw;NÞ¼ Prob½xmax ≤w% ¼Probðx1 ≤w;…;xN ≤wÞ.
Hence it can be expressed as the ratio of two partition
functions
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with EðfxigÞ given in Eq. (3) and we have suppressed the α
dependence in ZNðwÞ for simplicity. Note that ZNðwÞ can be

interpreted as the partition function of the 1DOCP in the
presence of a hard wall at w. Below, we analyze Qðw;NÞ
in the central regime first, followed by the two large
deviation tails.
Central regime.—Noting that the energy function

EðfxigÞ in Eq. (3) is symmetric under permutations over
the positions ðx1 ; x2;…; xNÞ, we write
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where ΘðxÞ is the Heaviside theta function. For an
ordered configuration ðx1 < x2 < ' ' ' < xNÞ, one can
eliminate the absolute values jxi − xjj and rewrite the
energy function EðfxigÞ in Eq. (3) as EðfxigÞ ¼
ðN2=2Þ

PN
i¼1 ½xi − ð2α=NÞð2i − N − 1 Þ%2 þ CNðαÞ, where

CNðαÞ ¼ 2α2
PN

i¼1 ð2i − N − 1 Þ2 is just a constant.
This trick of eliminating the absolute values via ordering
has been used before for 1DOCP in numerous contexts
[41,43–45]. Performing a change of variables ξk ¼
½Nxk − 2αð2k − N − 1 Þ% for all k ¼ 1 ; 2;…; N in Eq. (13),
we can rewrite ZNðwÞ ¼ N!DαðN½w − ð2α=NÞðN − 1 Þ%; NÞ
where
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Therefore setting x ¼ N½w − ð2α=NÞðN − 1 Þ%, Qðw;NÞ in
Eq. (11) can be written as

Q ðw;NÞ ¼ Dαðx; NÞ
Dαð∞; NÞ

≡ Fαðx; NÞ: ð15Þ

Taking the derivative with respect to x in Eq. (15), and using
Eq. (14), we obtain

dFαðx; NÞ
dx

¼ Dαð∞; N − 1 Þ
Dαð∞; NÞ

e−ðx
2=2ÞFαðxþ 4 α; N − 1 Þ:

ð16Þ

To estimate the ratio Dαð∞; N − 1 Þ=Dαð∞; NÞ for large N,
we note from Eq. (14) that Dαð∞; NÞ can be interpreted as
the partition function of an auxiliary gas of particles with
positions ξ1 , ξ2, …; ξN confined in an external harmonic
potential and with the one-sided constraint ξk−1 < ξk þ 4 α
for all k ¼ 2; 3 ;…; N. Indeed this constraint provides a short-
range interaction between the particles. Thus our original
problem of the 1DOCP which has long-range interaction is
mapped onto a problem of short-ranged interacting particles.
For such a short-ranged system, it is natural to expect that the
free energy is extensive inN. Thus onewould expect that, for
large N, the partition function must scale as Dαð∞; NÞ∼
½AðαÞ%−N where lnAðαÞ is the free energy per particle. Thus

FIG. 2. (Left) Plot of AðαÞ and numerical verification of its
α → 0 and α → ∞ asymptotic. (Right) Comparison of the
theoretical F0

αðxÞ obtained by solving numerically Eq. (7) by a
shooting method and F0

αðxÞ obtained from direct Monte Carlo
simulation of the 1DOCP (with N ¼ 50 ) for two different values
of the coupling parameter, α ¼ 1 and α ¼ 0 .5. Inset shows the
distribution in the normal scale.
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1d Coulomb gas: typical fluctuations of
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A. Dhar et al. (2017), (2018)



Comparison with Tracy-Widom (TW) distributions 
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 By contrast our results for the 1d-Coulomb gas yield

the left tail is « Tracy-Widom like » while the right tail is 

different

 One can also consider different background charges, which 
modifies the right tail Chafaï, Garcia-Zelada, Jung (20121)



1d Coulomb gas: large deviations of

What about the fluctuations 

     for                      ?
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A. Dhar et al. (2017), (2018), see also S. N. Majumdar ’s talk



1d Coulomb gas: large deviations of

Right tailLeft tail
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1d Coulomb gas: large deviations of

Right tailLeft tail

Third order phase transition at                  

see also S. N. Majumdar, G. S. (2014)
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1d Coulomb gas: large deviations of
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Sketch of the derivation (1/3)
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 Write it as a ratio of two partition functions

where

 Trick: order the positions

and get rid of the absolute values in the interaction term

Lenart ’61, Baxter ’63
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Sketch of the derivation (2/3)
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Sketch of the derivation (3/3)

 Recursion relation

where               is the partition function of a short-range 
interacting particle system: its free energy is extensive
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1d Coulomb gas: typical fluctuations of

 Limiting form for large    , with                    

where

with boundary

conditions: and

eigenvalueA. Dhar et al. (2017), (2018)
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see also Baxter (1963)



More on the fluctuations at the edge: gap statistics

A. Dhar et al. (2017), (2018)
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More on the fluctuations at the edge: gap statistics

 Typical fluctuations
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More on the fluctuations at the edge: gap statistics

 Typical fluctuations :
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More on the fluctuations at the edge: gap statistics

 Atypical/large fluctuations :

i.e., the prolongation of the tail of �hα(z)

1
4↵

2↵�2↵ 0
x

g

g = O(1)

Pgap,edge(g,N) ⇠

8
><

>:

Nh↵(N g) , g = O(1/N)

e�N2 edge(g) , g = O(1)

 edge(g) =
g2

2



Local fluctuations in the bulk of the 

one-dimensional Coulomb gas

 A. Flack, S. N. Majumdar, G. S., J. Stat. Mech. (2022) 
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Gap statistics in the bulk

 Gap in the bulk:                gi = xi+1 � xi with i = cN , 0 < c < 1

 In the bulk, the statistics of gi is independent of i
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Gap statistics in the bulk
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A. Flack, S. N. Majumdar, G. S., (2022) 



Gap statistics in the bulk
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A. Flack, S. N. Majumdar, G. S., (2022) 



Gap statistics in the bulk
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Gap statistics in the bulk
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Typical gap fluctuations: bulk vs edge
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Conclusion and perspectives

 Exact extreme statistics of one-dimensional Coulomb gas 

 Typical fluctuations are NOT given by Tracy-Widom distributions

see also S. Santra et al. PRL 2022 for Riesz gas

 Gap statistics: different behaviors in the bulk and at the edge 

In the bulk, the distribution is NOT given by the Wigner 
surmise (i.e., corresponding to �  as in Gaussian � -
ensembles) 

N = 2 β

Q: how to interpolate between these two regimes? 

 Exact results for the full counting statistics (i.e. the number of 
particles in � ) or for the index: strong hyperuniformity[−L, + L]


